I. Introduction
ORTEX flows have been a fascination to science since early recorded history. From the irrotational vortex paradox to the galactic pinwheels forming our universe, the emergence of large-scale vortex structures in several naturally occurring phenomena, such as tornadoes and hurricanes, has often triggered keen interest amongst researchers. Perhaps the earliest description of such phenomena can be found in early Greek methodology, mainly in Homer's Odyssey, where a vivid account is given of Charybdis, 1 a sea monster who, according to explorers and navigators, manifested itself in the form of an unpredictable whirlpool.
V
Prior to their connection with rocket engines, cyclonic flow investigations have been primarily confined to industrial applications. One of the earliest studies reported to-date may be traced back to Rankine 7 and the work in which he separated the tangential velocity of a vortex into a free and a forced motion. Studies by Oseen, 8 Lamb, 9 and Batchelor 10 followed Rankine's and provided marked improvements in dimensionality and modeling capability.
For example, the Lamb-Oseen vortex was made to incorporate shear and therefore temporal decay. Conversely, the Burgers-Rott 11,12 model produced a vortex pattern that was spatially dependent, unlike the Lamb-Oseen vortex that was solely time-dependent. Skimming through available surveys on the subject, it may be safe to state that considerably fewer models that pertain to bidirectional vortex motion may be spotted in the literature. The first to present an exact solution for similar flowfields was perhaps Sullivan 13 with his two-cell vortex; this was followed by Bloor and Ingham 14 whose work was extended by Barber and Majdalani. 15 For the interested reader, a recent survey of the advancements in modeling confined vortexes is available. 16 In parallel to the theoretical modeling efforts toward vortex-dominated flows, several experiments such as the ones by Kelsall 17 and Smith 18, 19 have been conducted to better understand the behavior of swirling motions.
Comparably pertinent numerical investigations have been performed, including those by: Hoekstra, Derksen and van den Akker, 20 Derksen and van den Akker, 21 Fang, Majdalani and Chiaverini, 22 and Rom, Anderson and Chiaverini.
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Given the shortage of purely analytical models of axisymmetric cyclonic flows, an Eulerian-based solution, known as the complex-lamellar profile, was developed successively by Vyas and Majdalani 24 and, in spherical coordinates, by Majdalani and Rienstra. 25 The inviscid model, by analogy to that of Bloor and Ingham, 14 displayed a singularity at the centerline where the presence of a forced vortex core could not be captured in the absence of shear. In a remedial action, both core and sidewall viscous corrections in the azimuthal direction were introduced to the complex-lamellar model by Majdalani and Chiaverini. 26 Batterson and Majdalani 27 then added the sidewall no slip for the radial and axial components, thereby accomplishing a uniformly valid, ad hoc solution over the majority of the chamber domain. Soon after in 2009, a study by Majdalani 6 presented a set of exact inviscid solutions for the bidirectional vortex flowfield using the incompressible Bragg-Hawthorne equation as a starting point. This work also showed how these helical profiles could be extended to the realm of hybrid engine analysis by adding sidewall injection.
In an effort to extend the 2009 monograph, a more general framework was recently developed by Akiki and Majdalani. 28 The new formulation combines all possible solutions reported by Majdalani 6 into a powerful Fourierlike series that seems capable of accommodating an arbitrary inlet or outlet velocity pattern. In accordance with the theory of inviscid swirling flow, the ensuing Euler solution is also found to exhibit a subtle singularity at the origin, namely, one that affects the swirling speed and its derivatives, such as the pressure distribution, near the axis of rotation.
In this paper, a similar approach to that used by Majdalani and Chiaverini 26 will be applied to first regularize the momentum equation and, second, remove the singularity encountered in the preceding work. 28 The physical setting,
This set is coupled with the continuity equation which can be written as:
Solving the above equation leads to an exact inviscid solution, as shown in previous work by the authors. 28 This solution is dominant in the outer region. Its normalized velocity components are: 
and
where
The corresponding streamfunction is given by
The non-dimensional forms of the variables are specified consistently with previous work. 28 Using standard reference values, we set 2 22 2 , ,
A. Tangential Viscous Correction
The last term in Eq. (7) leads to a singularity at the centerline when 0 D  . This is due to the inviscid assumption and seems to be an ubiquitous characteristic of swirl-dominated motions. 14 The mechanisms that will force the tangential velocity at the centerline to vanish, instead of growing continuously to unbounded levels, are connected to the viscous stresses. To account for their presence, one must retain the viscous term in the tangential momentum equation, thus leading to a regularized form to start with:
Here the Reynolds number is based on the tangential reference velocity U and the chamber radius ,
B. Core Solution By solving Eq. (12) for the region close to the centerline, the result can be paired with the outer, inviscid solution, to produce a uniformly valid approximation over the domain extending from the centerline up to but excluding the sidewall. In practical applications, the Reynolds number corresponding to vortex-fired engines appears at orders greater than 3 10 . This justifies the use of the small perturbation parameter  , where
At this juncture, it may be instructive to note that based on several experimental observations 18, 19 and inviscid models previously reported, 6 ,24 the spatial dependence of the tangential velocity on the axial position may be assumed to be secondary. This prompts us to take:
Based on Eqs. (14) and (15), Eq. (12) reduces to
To suitably capture the rapid changes that occur in the core region, stretching of the domain is required, and this can be accomplished through a coordinate transformation of the type:
Moreover, the Bessel function embedded in the radial velocity term can be expanded using a Taylor series that renders 
A proper scaling can then be chosen such that
Taking ,    the ODE to solve reduces to
for which a solution may be obtained in the form
The two constants 1 C and 2 C must be determined from the physical requirement at the core and matching with the outer, invsicid velocity.
C. Boundary Conditions and Asymptotic Matching
To permit the establishment of a forced vortex core, the first boundary condition requires constraining the tangential velocity to vanish at 0. r  This implies that
Prandtl's Matching Principle can then be applied to promote matching between the inner approximation and the outer inviscid solution given earlier by Eq. (7). This principle can be implemented by setting
where ( ) cl u  represents the common limit. This equality ensures that the outer limit of the inner velocity is led to perform identically to the inner limit of the outer inviscid solution.
From Eqs. (25) and (26), the two constants 1 C and 2 C may be fully determined. The final inner solution becomes
To produce a solution that is uniformly valid over the entire domain (except for the walls), the inner and outer approximations must be combined to form what is known as the composite solution; this is achieved by summing
Equation (29) represents the apex of this study. It consists of a pseudo-viscous model that is no longer singular at the centerline, but rather uniformly valid for 0 1. r   It should be noted that the last member incorporates the effect of viscous attenuation near the core. As depicted by the solution, this part depends mainly on the product of the Reynolds number and ;
K the latter incorporates the source integrals 0 I and l I as well as the swirl number and aspect ratio of the chamber. At the outset, the viscous corrections will change with different boundary conditions and prescribed velocities at inlets and outlets.
The grouping of ( ) K Re plays the role of the vortex Reynolds number V reported by Majdalani and Chiaverini, 26 therein, it is written as
In its native form, this parameter combines the effects of the Reynolds number, swirl number, and chamber aspect ratio. In the present generalization, the swirl number is imbedded within the boundary conditions and does not appear explicitly. Here too, K stands as a function of the chamber aspect ratio and swirl number. One may hence conceive of a generalized vortex Reynolds number from which V may be restored as a special case. This new dimensionless parameter bears the form
Despite its apparent complexity, g V is straightforward to evaluate. For the case of zero headwall injection, it reduces
Furthermore, for the case of a single mode (such as the one corresponding to linear Beltramian injection at the endwall), the generalized vortex Reynolds number collapses first into
Second, it may be recognized that for flow matching to be realized at the endwall, one must roughly take Re c
We thus restore the original vortex Reynolds number 26 to within a constant. In the above, Eq. (8) 
D. Vorticity Correction
Another quantity of interest is the vorticity, .    ω u Since we already have the components of u defined in Eqs. (5), (6) and (29), the vorticity can be readily found via.
where  is defined through Eq. (10) and, consequently,
Then given Eq. (21), we have
III. Results and Discussion
The introduction of viscosity into the tangential momentum has a substantial bearing on the swirl velocity, vorticity distribution, and pressure. These features are examined next.
A. Tangential Velocity
The swirl velocity distribution is defined through Eq. (29) where the last member on the right-hand-side represents the viscous correction. Evidently, this term is dependent on the Reynolds number given by Eq. (13). 
 
to eliminate the dependency of the core tangential velocity on the axial position. This case is illustrated in Fig. 2a by the linear Beltramian endwall profile. In Fig. 2b , it may be seen that as the flow approaches the headwall, viscous effects in the nonlinear Beltramian model diminish with z to the extent of precipitating a nearly inviscid Fig. 3a , the sensitivity of ( ) c u  to different Reynolds numbers is illustrated. As Re increases, the core area decreases and inviscid conditions are nearly reproduced. For low swirl intensities, viscous effects stretch over a wider portion of the chamber and, while the core radius may be calculated by determining max r at which ( ) c u  reaches its peak value, no exact solution for max r may be realized. Instead, a root finding technique is used for this purpose. Results are summarized in Table 1 conditions are prescribed by the complex-lamellar (CL), linear Beltramian (LB) and nonlinear Beltramian (NB) models.
Further analysis of Eq. (29) reveals an interesting relation between the chamber aspect ratio and the size of the viscous region. To illustrate this point, Fig. 3b displays three plots of the tangential velocity at three different aspect ratios of 0.5, 1, l  and 2. Note that when l is increased, as in the case of elongated chambers, the role of viscous dissipation is magnified considerably, thus leading to a larger forced vortex region and lower swirl velocity throughout the chamber. This result confirms the study by Majdalani and Chiaverini. Figure 4 describes the vorticity distribution in the vortex chamber with and without viscosity. Parts a, b and c include viscosity in the core region and Part d corresponds to the strictly inviscid model; the latter is given by Interestingly, we find that the vorticity generated in the viscous core markedly exceeds the one introduced into the chamber by the incoming fluid at the boundary by virtue of its swirling component in the inlet/outlet plane. Even for a low Reynolds number of, say, 100, the magnitude of the vorticity in the core will be approximately ten times larger than the one introduced into the chamber because of the rotational velocity imposed at the boundary.
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B. Rectified Vorticity Distribution
The maximum values of  in Figs. 4a, b , and c appear to be 100, 50 and 10 times larger than  in Fig. 4d As the Reynolds number is lowered, the area where vorticity is generated expands, but the magnitude of the vorticity per unit volume decreases. It may also be seen that the vorticity remains confined to the core region and does not spread to the outer parts of the chamber. This is mainly due to the core region being envaginated by the inner vortex wherein the fluid is constantly spiraling while traveling towards the endwall before exiting the chamber.
It should also be noted that as the Reynolds number approaches infinity, the momentum forces will completely prevail over the entire domain. Viscous effects will become so small in comparison that, from a mathematical perspective, as Re   , Eqs. (38), (42) and (44) reduce to their inviscid analogs given by Eqs. (47), (48) and (46), respectively.
C. Rectified Pressure Distribution
The radial pressure gradient increases when moving away from the sidewall toward the centerline. This is due to the rapidly growing vacuum pressure as 0. r  In the inviscid case, a singularity is detected that causes the total pressure to reach absolute vacuum at the centerline. This behavior is illustrated in Fig. 5 where the role of viscosity is evident in reducing the pressure gradient near the core until it vanishes at 0 r  . The companion Fig. 6 displays the variation of the total pressure in the vicinity of the core. In all cases considered, the pressure drops precipitously as it approaches the axis of the chamber, thus attaining its minimum at 0. r 
The Reynolds number appears to have a substantial impact on the variation of the pressure. Higher values of the Reynolds number signal the presence of larger differences between the sidewall and core pressures. At radial positions that correspond approximately to 0.15, r  all pressure curves quickly converge to the same value as the inviscid solution.
The cases shown in Figs. 5 and 6 pertain to the linear Beltramian profile with a chamber aspect ratio of 1. l  Similar viscous core corrections can be applied to the complex-lamellar and the nonlinear Beltramian profiles although their analysis is omitted here.
Before leaving this subject, it may be helpful to remark that, so far, no exact analytical solution for the total pressure could be found, and this may be caused by intractable integrals that prevent the extraction of a closed-form solution. Instead, series approximations are used to solve those integrals and generate the requisite illustrations.
D. Sidewall Boundary Layer
In practice, the presence of friction and attendant boundary layers must be accounted for along the sidewall and headwall sections of the vortex chamber. These require the enforcement of no slip on all three components of velocity. Although friction significantly reduces the velocities near the walls, its impact remains limited to a narrow region. Figure 7 depicts the angular velocity measurements from a classic experiment by Smith. 18 In this setup, the viscous core region extends up to 26% of the chamber. In contrast, the sidewall boundary layer extends across a mere 7% of the radius. 
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The sidewall and headwall boundary layers are important for computing the shear stresses exerted on the walls; these can affect many calculations such as those concerned with stability, torques, losses, friction coefficients, etc.
Their detailed characterization along with other flow features will be addressed in future work.
IV. Closing Remarks
In this study, a viscous boundary layer treatment near 0 r = is applied to the inviscid solution by Akiki and Majdalani. 28 The ensuing approximation is devoid of singularities that once plagued the strictly inviscid tangential velocity and pressure. The rectified tangential velocity increases while approaching the centerline, reaches a maximum where viscous forces prevail, and then diminishes until it reaches zero at 0. r = This component of velocity shows no dependency on the axial position in the core region when the tangential momentum constant C , which is specified by the boundary condition on the tangential velocity, falls within the neighborhood of the first root of the Bessel function of the first kind.
The pressure behaves nearly identically to the inviscid solution in the outer region. It decreases as we move away from the sidewall, and, instead of reaching absolute vacuum at the centerline (cf. the inviscid solution), the pressure and its gradient decrease when viscous effects begin to escalate. At the outset, the total pressure reaches a finite minimum as 0. r → The low pressure near the centerline may be viewed as the driving force that causes the outer vortex to spiral toward the headwall, instead of spilling directly out of the nozzle/discharge port. An increase in Re will hence give rise to an increase in chamber pressure.
Before closing, it may be useful to remark that the viscous correction leads to the generation of vorticity within the core region. Here we show that the vorticity produced in the vortex chamber because of viscosity exceeds the vorticity that may be introduced through the inlet plane by the flow injection boundary condition. As the Reynolds number decreases, vorticity is generated inside a larger portion of the chamber that builds concentrically around the core. However, ω remains confined to the inner vortex until exiting because of the axial velocity in the core region that is forcefully transporting mass in its continual downstream motion toward the endwall. Evidently, as , Re → ∞ the inviscid solution is restored. Finally, the aspect ratio of the chamber turns out to be an effective parameter to consider. As l increases, the viscous core region grows in diameter, thus leading to a wider spread of viscous effects.
